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a b s t r a c t
Weanswer the following question:what is theminimumnumber of edges of a 2-connected
graph with a given diameter? This problem stems from survivable telecommunication
network design with grade-of-service constraints. In this paper, we prove tight bounds for
2-connected graphs and for 2-edge-connected graphs. The bound for 2-connected graphs
was a conjecture of B. Bollobás (AMH 75–80) [3].
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We are interested in finding the minimum number of edges of a 2-connected (or 2-edge-connected) graph of given
diameter p. In addition to its theoretical interest, the solution to this problem can be applied to a wide range of computer
science and electrical engineering problems such as the building of survivable telecommunication networks. One way to
protect networkswhen some failure arises is to provide sufficient connectivity, keeping at the same time an acceptable delay
of transmission (or crossing delay). To a first approximation, keeping the crossing delay under reasonable limits corresponds
to bounding the diameter of the network, and the cost of the network depends on the number of links. Moreover, the cost
and robustness of equipment mean that 2-connectedness or 2-edge-connectedness is sufficient, since k-connectedness for
k ≥ 3 is both redundant and too expensive. We prove the two following theorems:
Theorem 1. For p ≥ 2, any 2-connected graph of order n and diameter p has at least ⌈ np−(2p+1)p−1 ⌉ edges.
Theorem 2. Let G be a 2-edge-connected graph of order n and diameter p with p ≥ 2. If p is odd, then G has at least ⌈ np−(2p+1)p−1 ⌉
edges. If p is even, then G has at least min{⌈ np−(2p+1)p−1 ⌉, ⌈ (n−1)(p+1)p ⌉} edges.
This is a particular case of the following more general problem [10]: what is the minimum number of edges of a graph
of order n and diameter p such that if we remove any set of k − 1 vertices, the resulting graph G′ has diameter at most p′?
This number is denoted f (n, p, p′, k − 1). If p′ = n − 1, then we want G to remain connected after deletion of any k − 1
vertices, and so f (n, p, n− 1, k− 1) is the minimum number of edges of a k-connected graph of diameter p. The case k = 2
where the graph is 2-connected has received particular attention. For k = 2 and p = 2, Murty [8,9] showed that if p′ ≥ 3,
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then f (n, 2, p′, 1) = 2n − 5. The problem was also solved for p = 3 and p = 4, at least for an n that is not too small, by
Caccetta [4,5] and for p′ ≤ 6 by Usami [13]. All these results are explained in [2].
Bollobás [3] proved that limn→∞ f (n, p, p′, 1) = pp−1 for p′ ≥ 2p− 2 when p ≥ 1. He conjectured that graphs consisting
of internally disjoint paths joining 2 vertices were optimal (see Section 3.1 and Fig. 2. This is equivalent to proving that
if n > p′ ≥ 2p − 1, then f (n, p, p′, 1) = ⌈ np−(2p+1)p−1 ⌉. In 1978, Shuvikov [11] (also mentioned in [2]) announced that
he had solved this problem, but the proof was later considered incorrect (mentioned for instance in [1]). Enomoto and
Usami [6] also gave a rather complex proof of this conjecture.While this paperwas beingwritten, Belotserkovsky [1] showed
that the conjecture was correct for a sufficiently large number of vertices (on the order of p(
p
2+1)). In this paper, we prove
independently that if n > p′ ≥ 2p − 1, then f (n, p, p′, 1) = ⌈ np−(2p+1)p−1 ⌉. We also extend the result to the case of 2-edge-
connected graphs.
We first introduce in Section 2 our notation and definitions for simplemathematical objects. Then,we present in Section 3
some graph classes of interest, including extremal graphs for the problemwe study. A count of the ratio between edges and
vertices under certain conditions is given in Section 4. Our proof for 2-connected graphs is presented in Section 5 and for
2-edge-connected graphs in Section 6.
2. Notation
The graphs we study are undirected. We usually write n for the order (number of vertices) and m for the number of
edges. Given a graph G, we write V (G) for its vertex set and E(G) for its edge set. Given a vertex x, we write N(x) for the
neighborhood of x and δ(x) for the degree of x. Given a vertex y, we write d(x, y) for the distance between x and y. Given a
proper non-empty subset S of vertices, we write d(x, S) for the distance between x and S, which equals miny∈S d(x, y). We
write G− S for the subgraph induced by the vertices not in S.
In a graph G, a trail of length k is a list x0, . . . , xk of vertices such that the successive pairs (xi, xi+1) form distinct edges for
0 ≤ i < k. A path is a trail in which the vertices are also distinct. A trail is closed if x0 = xk. A cycle of length k is a subgraph
formed by a closed trail with no vertex repetition other than x0 = xk; treating it as a subgraph, we ignore the choice of the
original vertex. Aminimal cycle is a cycle where a shortest path between any two pair of its vertices can be found within the
cycle. The girth of a graph G is the size of its smallest cycle.
Given a graph G, we can merge two vertices x and y to obtain a new graph G′ by replacing {x, y} with a single vertex z
in the vertex set and replacing edges incident to x or y with edges incident to z so that the neighborhood of z in G′ equals
N(x)

N(y)− {x, y}.
A vertex subset S separates a graph G if deleting S from G yields a disconnected subgraph. When S is a separating set, an
S-lobe is a subgraph induced by the union of S and the vertex set of a component of G− S.
Lemma 1. Given a separating set S in a graph G, let G1 be an S-lobe.
• If G is 2-edge-connected and S is a single vertex, then G1 is 2-edge-connected and its diameter is at most the diameter of G.
• If G is 2-connected and S is the vertex set of a minimal cycle, then G1 is 2-connected and its diameter is at most the diameter
of G.
Proof. If S is a single vertex, then any path joining vertices of G1 lies entirely in G1. If G is 2-edge-connected, then it follows
that also G1 is 2-edge-connected.
If S is the vertex set of a minimal cycle, then some shortest path joining vertices of G1 visits only vertices in G1, since
otherwise such a path would contain a path joining vertices of S that would be shorter than the paths along the cycle.
Therefore, the diameter of G1 is at most the diameter of G. Moreover, if G1 has a cut-vertex x, then S−{x} remains connected
since S induces a cycle, which means that x is also a cut-vertex of G. Hence if G is 2-connected, then it follows that also G1 is
2-connected. 
3. Graph classes of interest
Graphs of order n and diameter 1 are complete graphs, and as such have n(n−1)2 edges. Cycles of order n are 2-connected
graphs of diameter ⌊ n2⌋. They have n edges.
Graphs of diameter p and girth 2p + 1 are Moore graphs [12]. Moore graphs are k-regular graphs and as such have k2
times as many edges as vertices. Notice that k2n ≥ np−(2p+1)p−1 as soon as k ≥ 4, or k = 3 and p ≥ 3. The only Moore graph of
diameter 2 and degree 3 is the Petersen graph [7], which has 10 vertices and 15 edges (see Fig. 1).
3.1. Extremal 2-connected graphs
Given p ≥ 2 and n ≥ 2p + 1, we may construct a 2-connected graph of order n and diameter p as follows. Let
q = ⌈ n−(2p+1)p−1 ⌉ and r = n − (p + 2) − q(p − 1). Let G be the graph consisting of q + 2 internally disjoint paths joining
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Fig. 1. The Petersen graph.
Fig. 2. A 2-connected graph of diameter 6 with 26 vertices and 29 edges.
Fig. 3. A 2-connected graph of diameter 9 with 28 vertices and 30 edges.
2 vertices x and y, one of length p + 1, q of length p, and the last of length r; note that r ≤ p. The graph G is 2-connected,
has diameter p, and has n vertices and ⌈ np−(2p+1)p−1 ⌉ edges. The case p = 6, q = 3, r = 3 is illustrated in Fig. 2.
There are also other 2-connected graphs of diameter p with exactly n vertices and ⌈ np−(2p+1)p−1 ⌉ edges, as illustrated in
Figs. 1 and 3.
3.2. Extremal 2-edge-connected graphs
Wemay construct a 2-edge-connected graph of order n and diameter p for any even number pwith n ≥ 2p ≥ 4 as follows.
Let q = ⌈ n−1p ⌉, and consider q cycles of lengths k1, . . . , kq such that
q
i=1 ki = n+ q− 1 and such that 3 ≤ ki ≤ p+ 1 for
1 ≤ i ≤ q. Pick a vertex in each of these cycles, and let G be the graph obtained bymerging these vertices into a single vertex.
The graph is 2-edge-connected, has diameter p, and has n vertices and ⌈ (n−1)(p+1)p ⌉ edges. The case p = 4, q = 3, r = 4 is
illustrated in Fig. 4.
4. Decomposing graphs into trails
In this section, we analyze how a 2-edge-connected graph can be decomposed into trails, starting from a subset S of
vertices. We define peri-eccentricity (Definition 2, Fig. 5) as the maximum length of the resulting trails. It affects the ratio
between the number of edges and the number of vertices (Lemma 2). Moreover, we give a relationship between eccentricity
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Fig. 4. A 2-edge-connected graph of diameter 4 with 17 vertices and 20 edges.
Fig. 5. A set S of eccentricity 3 and peri-eccentricity 7.
and peri-eccentricity (Lemma 3). In the case of 2-connected graphs, we also give a relationship between diameter and peri-
eccentricities (Lemma 4).
Definition 1 (k-Closure). Let G be a 2-edge-connected graph. Let S be a non-empty subset of V (G) and let k be a positive
integer. The k-closure of S in G is defined as the smallest set S ′ ⊂ V containing S such that all the trails of length at most k
whose endpoints lie in S ′ have all their vertices in S ′.
Remark 1. The k-closure S ′ of a set S can be recursively constructed as follows. Construct the sequence S0, S1, S2, . . . such
that S0 = S and such that Si+1 is the union of the vertex sets of all trails with length at most kwhose endpoints lie in Si, for
all i ≥ 0. When i is large enough, Si+1 = Si = S ′.
Definition 2 (Peri-Eccentricity). Let G be a 2-edge-connected graph and let S be a non-empty subset of V (G). The peri-
eccentricity of S in G is defined as the smallest integer k such that all the vertices in G lie in the k-closure of S.
Remark 2. Let S ′ be the (k− 1)-closure of a set S of peri-eccentricity k in a graph G. Consider a shortest trail with endpoints
in S ′ whose vertices do not all lie in S ′. The length of this trail cannot be more or less than k, so it is exactly k.
Lemma 2. Let G be a 2-edge-connected graph of order n. Let S be a non-empty proper subset of V (G). If k is the peri-eccentricity
of S in G, then at least k(n−|S|)k−1 edges of G lie outside the subgraph induced by S.
Proof. We know by Remark 1 that if k is the peri-eccentricity of S, then all vertices outside S are added to the k-closure
via trails with length at most k. Although these additions need not be pairwise disjoint, each successive addition adds one
more edge than vertex, and there may be additional edges. Since the ratio xx−1 decreases as x increases, the number of edges
added to the subgraph induced by S is at least kk−1 times the number of vertices added. 
Lemma 3. Let G be a 2-edge-connected graph and S be a non-empty proper subset of V (G). If S has peri-eccentricity k, then
d(x, S) ≥ ⌊ k2⌋ for some vertex x outside S.
Proof. Let S ′ be the (k− 1)-closure of S. If the peri-eccentricity of S is k, then consider a shortest trail with endpoints in S ′
whose vertices do not all lie in S ′. We know by Remark 2 that the length of this trail is exactly k. Let x be a midpoint of this
trail. The distance from x to S ′ is ⌊ k2⌋. It follows that the distance from x to S is at least ⌊ k2⌋. 
Lemma 4. Let S be a separating set in a 2-connected graph G of diameter p. Let G1 and G2 be two distinct S-lobes in G. If k1 and
k2 are the peri-eccentricities of S in G1 and G2, then k1 + k2 ≤ 2p+ 1.
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Proof. We know by Lemma 3 that ⌊ k12 ⌋ + ⌊ k22 ⌋ ≤ p. If k1 or k2 is even, then immediately k1 + k2 ≤ 2p+ 1.
Suppose that both k1 and k2 are odd. For i ∈ {1, 2}, let Si be the (ki − 1)-closure of S in Gi, and let Pi be a shortest path
with endpoints in Si whose vertices do not all lie in Si. From Remark 2 we know that the length of Pi is at least ki. If P1 and
P2 share the same endpoints, there is a vertex x in P1 and a vertex y in P2 such that d(x, y) ≥ ⌊ k1+k22 ⌋. Otherwise, there is a
vertex x in P1 and a vertex y in P2 such that d(x, y) > ⌊ k12 ⌋ + ⌊ k22 ⌋. It follows that k1 + k2 ≤ 2p+ 1. 
5. The case of 2-connected graphs
In this section, we prove that given p ≥ 2, any 2-connected graph G of order n and diameter at most p has at least
⌈ np−(2p+1)p−1 ⌉ edges (Theorem 1). We prove Theorem 1 by induction on n. First we investigate base cases, then the case where
G is not separated by a minimal cycle of length at most 2p, and eventually the case where G is separated by a minimal cycle.
5.1. Base cases
Base cases are 2-connected graphs G of order n and diameter at most p such that n ≤ 2p+ 1, or such that the girth of G
is 2p+ 1, or such that G contains a path P with p internal vertices of degree 2.
Since G is 2-connected, it has at least n edges. If n ≤ 2p + 1, then n ≥ ⌈ np−(2p+1)p−1 ⌉. We saw in Section 3 that if the girth
of G is 2p+ 1, then it has at least ⌈ np−(2p+1)p−1 ⌉ edges.
Suppose that G contains a path P with p internal vertices of degree 2.We deduce from Lemma 4 that the peri-eccentricity
of V (P) is at most p. It follows from Lemma 2 that G has at least ⌈ np−(2p+1)p−1 ⌉ edges.
5.2. Induction hypothesis
The induction hypothesis states that any 2-connected graph G′ of diameter at most p and of order less than n has at least
⌈ |V (G′)|p−(2p+1)p−1 ⌉ edges.
5.3. Cycle that does not separate G
Suppose that G has order n and diameter pwith n > 2p+ 1. Suppose that G contains a minimal cycle C of length k such
that k ≤ 2p and such that V (C) does not separate G. Let P be a longest path along C whose internal vertices have degree 2
in G; let i be the length of P .
If i ≥ p+ 1, then we know from base cases that G has at least ⌈ np−(2p+1)p−1 ⌉ edges.
If k2 < i ≤ p, then let G′ be the subgraph of G obtained by deleting the set U of internal vertices of P . Since i > k2 , P
is not the shortest path between its endpoints in G, so the diameter of G′ is at most p. Since V (C) does not separate G,G′
has no cut-vertex in V (C) − U . Therefore, if G′ had a cut-vertex x, then V (C) − U would lie in one component of G′ − {x},
and any other component of G′ − {x} would also be a component of G− {x}. Since G is 2-connected, we conclude that G′ is
2-connected as well. We assumed that G′ had at least ⌈ (n−(i−1))p−(2p+1)p−1 ⌉ edges; therefore G has at least ⌈ (n−(i−1))p−(2p+1)p−1 ⌉+ i
edges. Since i ≤ p, it follows that ii−1 ≥ pp−1 and ⌈ (n−(i−1))p−(2p+1)p−1 ⌉ + i ≥ ⌈ np−(2p+1)p−1 ⌉.
If i ≤ k2 , then since P is a longest path along C whose internal vertices have degree 2, there is a vertex x of degree at least
3 in C such that d(x, V (P)) ≥ ⌈ k−2i2 ⌉. We construct G′ from G by removing the internal vertices of P and for 1 ≤ j ≤ ⌈ k−2i2 ⌉
merging both vertices xj and yj in C such that d(xj, x) = d(yj, x) = j. Note that C is replaced by a tree with three leaves,
each leaf being connected to G − V (C). Since G − V (C) is connected, the constructed graph G′ has no cut-vertex in the
tree replacing C . It follows that G′ is 2-connected. Furthermore, the distance between the endpoints of P in G′ is at most
k − i − 2⌈ k−2i2 ⌉, which equals i or i − 1 depending on the parity of k. From this we conclude that the diameter of G′ is
at most p. Finally, G has ⌈ k2⌉ − 1 more vertices than G′ and at least ⌈ k2⌉ more edges than G′. We assumed that G′ had at
least ⌈ (n−(⌈ k2 ⌉−1))p−(2p+1)p−1 ⌉ edges; therefore G has at least ⌈
(n−(⌈ k2 ⌉−1))p−(2p+1)
p−1 ⌉ + ⌈ k2⌉ edges. Since ⌈ k2⌉ ≤ p, it follows that
⌈ k2 ⌉
⌈ k2 ⌉−1
≥ pp−1 and ⌈
(n−(⌈ k2 ⌉−1))p−(2p+1)
p−1 ⌉ + ⌈ k2⌉ ≥ ⌈ np−(2p+1)p−1 ⌉.
5.4. Separating cycle
Suppose that G has order n and diameter p, where n > 2p+ 1, and suppose that G contains a minimal cycle C such that
V (C) separates G. Let G1, . . . ,Gj be the S-lobes of G, where S equals V (C), indexed so that G1 is an S-lobe in which S has
the largest peri-eccentricity. Since C is a minimal cycle, it follows from Lemma 1 that G1 is 2-connected and has diameter at
most p. By Lemma 4, the peri-eccentricity of S in each Gi with i ≠ 1 is at most p. Let n1 be the order of G1,m1 be the number
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of edges of G1 andm be the number of edges of G. Lemma 2 states thatm−m1 ≥ p(n−n1)p−1 . We assumed thatm1 ≥ n1p−(2p+1)p−1 .
It follows that G has at least ⌈ np−(2p+1)p−1 ⌉ edges.
6. The case of 2-edge-connected graphs
In this section, we prove that given p ≥ 2, any 2-edge-connected graph of order n and diameter at most p has at least
⌈ np−(2p+1)p−1 ⌉ edges if p is odd and at least min{⌈ np−(2p+1)p−1 ⌉, ⌈ (n−1)(p+1)p ⌉} edges if p is even (Theorem 2). We prove Theorem 2
by induction on n. First we investigate base cases, then the case where G has a cut-vertex x such that the peri-eccentricity
of {x} in G is strictly greater than 2⌊ p2⌋ + 1.
6.1. Base cases
Base cases are 2-edge-connected graphs G such that G is 2-connected, or such that the peri-eccentricity of {x} in G is at
most 2⌊ p2⌋ + 1 for some vertex x.
If G is 2-connected, then it follows from Theorem 1 that G has at least ⌈ np−(2p+1)p−1 ⌉ edges.
If G has a vertex x such that the peri-eccentricity k of {x} in G is at most 2⌊ p2⌋ + 1, then Lemma 2 implies that G has at
least ⌈ k(n−1)k−1 ⌉ edges. If p is even, then G has at least ⌈ (p+1)(n−1)p ⌉ edges. If p is odd, then G has more than ⌈ np−(2p+1)p−1 ⌉ edges.
6.2. Induction hypothesis
The induction hypothesis states that any 2-edge-connected graph G′ of diameter at most p and of order less than n has
at least ⌈ V (G′)p−(2p+1)p−1 ⌉ edges if p is odd and at least min{⌈ V (G
′)p−(2p+1)
p−1 ⌉, ⌈ (n
′−1)(p+1)
p ⌉} edges if p is even.
6.3. Cut-vertex
Suppose that x is a cut-vertex of G such that {x} has peri-eccentricity greater than 2⌊ p2⌋ + 1 in G. Let G1, . . . ,Gj be the
S-lobes ofG, where S equals {x}, indexed so thatG1 is an S-lobe inwhich S has the largest peri-eccentricity. By Lemma 1,G1 is
2-edge-connected and has diameter atmost p; let n1 be its order. By Lemma 3, the peri-eccentricity of S in each Gi with i ≠ 1
is at most p. Letm be the number of edges in G andm1 be the number of edges in G1. Lemma 2 states thatm−m1 ≥ p(n−n1)p−1 .
We assumed thatm1 ≥ ⌈ n1p−(2p+1)p−1 ⌉ if p is odd, andm1 ≥ min{⌈ n1p−(2p+1)p−1 ⌉, ⌈ (n1−1)(p+1)p ⌉} if p is even. It follows that G has
at least ⌈ np−(2p+1)p−1 ⌉ edges if p is odd and at least min{⌈ np−(2p+1)p−1 ⌉, ⌈ (n−1)(p+1)p ⌉} edges if p is even.
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